5,D Addendum Appendix D
Analysis of Geodesic Equations

Adrian Bjornson (May 2009)

This appendix supplements Chapter 4, which discusses the application of the geodesic
equations to the Yilmaz theory. The following summarizes the material in this appendix.

Section 1 gives the general formula for the geodesic equations. It derives from this the
general formulas for the second derivatives in spherical coordinates that correspond to a static,
spherically symmetric gravitational field. Section 2 applies the results of Section 1 to the Yilmaz
theory. It calculates the four specific formulas for the second derivatives in polar coordinates for
the Yilmaz solution of a single star and the Yilmaz cosmology model. Section 3 shows that the
geodesic equation for time can be solved directly. Hence, the geodesic equations relative to time
are expressed in terms of the first derivative of time.

Section 4 derives formulas for the geodesic equations of the general static Yilmaz theory
expressed in rectangular coordinates. Since these equations do not require a gravitational field
with spherical symmetry, they can be applied to multi-body applications. For example, they can
be used to calculate the accurate orbits of planets and other bodies in our solar system.

Within our solar system, the derivative dt/ds along a geodesic trajectory can be very
accurately approximated by considering only the gravitational field produced by the sun. The
reason for this is that dt/ds is very close to unity. By applying this approximation to the geodesic
equations derived in Section 4, much simpler geodesic equations are derived in Section 5 that
can be used to calculate the orbits of bodies in our solar system.

1, Geodesic Equations for a Static, Spherically Symmetric Gravitational Field
This section considers the general formula that specifies the geodesic equations. It

derives from this the four geodesic equations in spherical coordinates that apply to a static,

spherically symmetric gravitational field. These four equations specify the second derivatives of

the four space-time variables in spherical coordinates (t, R, 6, y), where these derivatives are
with respect to differential motion ds along the path of the body.

The general formula for the geodesic equations is given as follows by Tolman [5] (p. 495,
Eq. 20):

dx%ds* = - £, %, T,* utu 1)
where the variable u* represents the following derivativ

u* = dx*"/ds (2)



The two summations shown in Eq. 1 are not stated implicitly in Tolman's equation. However,
they are implied, because the indices p and v are repeated. We will solve Eq. 1 for values of the
index acequal to 0, 1, 2, 3.

Table 1: Non-zero Christoffel Symbols for Static, Spherically Symmetric Gravitational Fiel
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Table 1 lists the non-zero Christoffel symbols when the gravitational field is static and
spherically symmetric. The following discussion applies this information to Eq. 1, and derives
the four geodesic equations for this case. When we consider only the Christoffel symbols given
in Table 1, the Geodesic formula of Eq. 1 yields the following equations when the index a is set
equalto 0,1, 2, 3:

d%ds® = - { Ty’ u' u®+ " u’u'} (3)
d>x'/ds® = - {Too'uW® + Iyy 'u'u! + Ty 'v?u? + T3 vPu’} (4)
dds? = - { TR2u'?+ 2P u' + 02w’ U’ (5)
daC/ds? = - (Tisu'e? + T w’u! + DoPu?e® + T’ uu?} (6)

In Egs. 1 to 6, apply the equality relations for the Christoffel symbols given in Table 1 and
combine terms. This yields

d*x’/ds® = -2 Ty ul' ©)
d*'/ds® = - T (u°)* - Ty '(u')? - T (W) - T35 (U)° (8)
d>ds® = -2 T2 u'u? - Tas? (UP)? (9)
d>3ids® = - 2T u' uP-2 057 u? o (10)

Replace the generic x* coordinates by the following specific names for the spherical
coordinates:

X =, xt=rx=0x=vy (11)
In accordance with Eq. 2, replace the u* variables by the following

O = dx%ds

o
11

d/ds (12)

= dxY/ds

c
|

dr/ds (13)



u? = dx%ds

do/ds (14)

u® = dx¥ds = dy/ds (15)

Equations 7 to 10 become

d?t/ds? = - 2 T, (dr/ds) (dr/ds) (16)
d?r/ds® = - o' (dt/ds)® - Ty, ' (dr/ds)? - T, ' (d6/ds)? - T3 (dwy/ds)? (17)
d?0/ds®> = - 2 T';,% (dr/ds) (d6/ds) - T'53> (dy/ds)? (18)
dAy/ds? = -2 T3’ (dr/ds)(dy/ds) - 2 T»3° (d6/ds)(dy/ds) (19)

These are the general expressions for the geodesic equations in spherical coordinates for a static
spherically symmetric gravitational field.

2, Geodesic Equations for Spherically Symmetric Model of Yilmaz Theory

Let us apply these geodesic equations to the Yilmaz theory. Table 2 gives the formulas
for the Christoffel symbols of the Yilmaz theory that apply to a static, spherically symmetric
gravitational field, which were obtained from Table B-2 of Appendix B. Applying these values
to Egs. 16 to 19 gives the following geodesic equations:

d*t/ds® = 2 o,¢ (dr/ds) (dr/ds) (20)
d’r/ds® = e 910 (dt/ds)? - 810 (dr/ds)® + r’(61¢ + 1/r)(d6/ds)?

+12sin?0(01 ¢ + 1/r)(dwy/ds)? (21)
d?0/ds®> = - 2 (810 + 1/r)(dr/ds) (d6/ds) + sin® cosd (dy/ds)? (22)
dAy/ds® = -2 (814 + 1/r] (dr/ds) (d/ds) - 2 cot 6 (de/ds) (dy/ds) (23)

Table-2: General formulas for Christoffel Symbols of the Yilmaz theory, for a static, spherically
symmetric gravitational field

Symbol Formula Symbol Formula
Too' e 14 o’ =T’ - 016

N 010 Iy® = Ty’ (010 + 1/r)
ngl - r2(81¢ + 1/!’) F313 = 1—‘133 (81(1) + 1/I’)
1—‘331 - FZSinze(ald) + 1/I’] F323 = F233 cot o

1% - sind coso



These geodesic equations can be simplified by replacing the differential angular variables
by differential linear displacements in the 6 and y directions, which are denoted dxq and dx,, and
are equal to

dxe = rdo (24)

dx, = rsind dy (25)

Differentiating these gives the following second derivatives

d*xe = d(dxe) = rd?0 +drdo (26)

d’x, = d(dx,) = rsin@ d’y +sind dr dy + r cosd do dy (27)
Solving Eq. 26 for (r d%0) give

rd?0 = d’g-drdo = d*g - (1/r)dr (rd®) = d’xg - (1/r) dr dxg (28)
Solving Eq. 27 for (r sin® d*y) gives
d®,, - sin @ dr dy - r cos 6 d6 dy

d®,, - (1/r) dr (r sin @ dy) - (1/r) cot 8 (r de)(r sin 6 dy)
dzx\,, - (1/r) dr dx,, - (1/r) cot 0 dxe dx,, (29)

r sind d*y

Let us use these relations to simplify the geodesic equations. Applying Eqgs 24, 25 to Eq. 21 gives
d?r/ds? = e 910 (dt/ds)? - d1¢ (dr/ds)® + (610 + 1/r) { (rd6/ds)® + (r sin 6 dy/ds)? }
= e 0,0(dt/ds)? - B1¢ (dr/ds)? + (810 + LIr)(dxe/ds) + (dx,/ds)’}  (30)

Multiply Eq. 22 by r:

rd?0/ds® = - 2 (610 + 1/r)(dr/ds) (r do/ds) + (1/r) cot O (r sin O dy/ds)®  (31)
Applying Egs. 24, 25, 28 to this gives
d’xe/ds? - (L/r)(dr/ds)(dxe/ds) = - 2 (810 + 1/r)(dr/ds)(dxo/ds) + (1/r) cot O (dx,,/ds)
Solving for d*xe/ds® gives 2

d*xe/ds® = - (2 10 + 1/r)(dr/ds)(dxe/ds) + (1/r) cot B (dx,,/ds)? (33)

Multiply Eq. 23 by (r sin 0):



(r sin 8)(d?y/ds?) = -2 (81 + 1/r] (dr/ds) (r sin 6 d/ds) - (2/r) cot O (r d/ds) (r sin © dy/ds)
(34)
Applying Egs. 24, 25, 29 to this gives

dzx“,/ds2 - (1/r) (dr/ds)(dx,,/ds) - (1/r) cot © (dxe/ds)(dx,,/ds)
= -2 (019 + 1/r] (dr/ds) (dx,/ds) - (2/r) cot 6 (dxe/ds) (dx,/ds)  (35)

Solving for d’x,,/ds’ gives
dzx“,/ds2 = - (2016 + 1/r] (dr/ds) (dx,/ds) - (1/r) cot © (dxe/ds) (dx,/ds) (36)

Further simplification of the geodesic equations is achieved by expressing the differential linear
displacements in the 6 and y directions (dxe, dx,,) by the total differential tangential
displacement, which is denoted dx., and is given by

(dxi)* = (dxe)* + (dxo)? (37)
Differentiating this gives

dx; d*; = dxg d*Xe + dx,, d’x, (38)
Applying Eq. 37 to Eq. 30 gives

d’r/ds® = e 9,¢(dt/ds)? - A1 d(dr/ds)? + (814 + 1/r)(dx/ds)? (39)
Multiplying Eq. 33 by (dxe/ds) gives

(dxo/ds)(d*Xe/ds?) = - (2 10 + 1/r)(dr/ds)(dx/ds)?
+ (1/r) cot 6 (dxe/ds)(dx,/ds)® (40)

Multiplying Eq. 36 by (dx,/ds) gives

(dx,,/ds)(d*x,,/ds?) = - (201¢ + 1/r] (dr/ds) (dx,/ds)* - (1/r) cot © (dxe/ds) (dx,/ds)?

(41)
Equation 38 shows that the sum of Eqs 40, 41 is equal to (dx./ds)(d?x./ds®). Adding Egs. 40, 41
gives

(dx¢/ds)(d*x/ds®) = - (2014 + L/r)(dr/ds)(dxo/ds)* + (1/r)cot & (dxo/ds)(dx.,/ds)?
- (201 + 1/r] (dr/ds) (dx,,/ds)? - (1/r) cot 6 (dxe/ds) (dx,,/ds)?

(42)
In the right hand side, the second and fourth terms cancel. The equation simplifies to

(dx¢/ds)(d*x/ds®) = - (2014 + L/r)(dr/ds){(dxe/ds)* + (dx,,/ds)*} (43)

Applying Eq. 37 to this gives



(dx/ds)(d*x/ds?) = - (201¢ + 1/r)(dr/ds)(dx./ds)? (44)

Dividing by (dx:/ds) gives
d*/ds? = - (2810 + 1/r)(dr/ds)(dx./ds) (45)

Summary. The geodesic equations of the static Yilmaz theory for a spherically
symmetric gravitational field reduce to the following three relations, which were obtained from

Egs 20, 39, and 45:

d*t/ds® = 2 8,4 (dr/ds) (dr/ds) (46)
d’r/ds® = e 9,¢(dt/ds)? - A1 ¢(dr/ds)? + (814 + 1/r)(dx/ds)? (47)
(48)

d*>x/ds? = - (2610 + 1/r)(dr/ds)(dx./ds)

3, Solution of Geodesic Equation for the Time Derivative

The geodesic equation for time given in Eq. 46 can be solved directly. Assume in Eq. 46

that the derivative dt/ds has the form

dt/ds = C.e* (49)

where C; is a constant. Differentiating this gives

d?t/ds® = Cie*(dx/ds) = (dt/ds) (dx/ds) (50)

In accordance with Eq. 49, the expression (dt/ds) was substituted for C,e*. Applying this result

to Eq. 46 gives

(dx/ds) = 2 01¢ (dr/ds) (51)
Since 016 is equal to d¢/or, this yields
dx = 2 (d¢/dr)dr = 2d¢ (52)
Hence x is equal to 2¢, and so Eq. 49 becomes
(53)

dt/ds = C.e*

When ¢ is zero, dt/ds must be unity, and so the constant C; is unity. The solution for the
geodesic equation for time is therefore

dt/ds = e* (54)



Substitute this into Eq. 47 gives:
d’r/ds® = e 310 (e%%)% - 910 (dr/ds)® + (610 + 1/r)(dx/ds)?
= 01 - 016 (dr/ds)® + (910 + 1/r)(dx/ds)?
= (8¢lor) { 1 - (dr/ds)? + (dx./ds)* } + (1/r)(dx./ds)? (55)

Hence, the geodesic equations simplify to the following

dt/ds = e** (56)
d’r/ds® = (ap/on{ 1 - (dr/ds)® } + { (8/or) + (1/r)](dx./ds)? (57)
d*x/ds? = - { 2(a¢/or) + 1/r } (dr/ds)(dx/ds) (58)

These are the geodesic equations for the static Yilmaz theory when the gravitational field is
spherically symmetric.

4, Geodesic Equations for Single-Star Model and Cosmology Model of Yilmaz
Theory

We are considering two applications of the Yilmaz theory with spherically symmetric
gravitational fields, which are: (1) the single star, and (2) the Yilmaz cosmology model. The
values for 2¢ and o¢/or for these two cases are

Single star: 20= 2mir ; adlor = - mir? (59)

r/ro? (60)

Cosmology model: 24 = r’/ro? ; adlor

Applying the values of Egs. 59, 60 to the geodesic formulas of Egs 56 to 58 gives the following
geodesic formulas for the two cases.

Yilmaz Single-Star Model

dt/ds = ™" (61)
d?r/ds® = (1/r)(m/r){ (dr/ds)? - 1} + (1/r)[1 - (m/r)} (dx/ds)>? (62)
d*>x/ds? = (U/r){ (2m/r) - 1 } (dr/ds)(dx./ds) (63)

Yilmaz Cosmology Model
dt/ds = exp[(r/ro)?] (64)

d?r/ds® = (r/ro?){ 1 - (dr/ds)?* } + (1/r)[1 + (r/ro)?](dx/ds)? (65)



d?x /ds? = - (LIN)[1 + 2(r/ro)* ](dr/ds)(dx/ds) (66)
5, Calculation of Geodesic Equations for General Static Yilmaz Theory

This section derives general formulas for the geodesic equations of the general static
Yilmaz theory expressed in rectangular coordinates. Combining Egs, 1, 2 gives the following
general formula for the geodesic equations:

d’x“ds* = - £, =, T, *(dx"/ds) (dx"/ds) (67)
Let us separate the case for o = 0 from those for oo = j =1, 2, 3, to obtain:

dx°ds® = - 2, T, T, ° (dx*/ds) (dx"/ds) (68)

d>/ds® = - 2,5, [,/ (dx*/ds) (dx*/ds) j=1,2,3 (69)

In Appendix B, Egs. B-24 to B-31 gave the following Christoffel symbol formulas for the
static Yilmaz theory expressed in rectangular coordinates:

Fw* =0 ifpzv,pu#o, va (24 components) (70)
o’ = 0 (1 component) (71)
Tk = T = T = 0 (9 components) (72)
T = Ok (3 components) (73)
Tk’ = To’ = - 6kd (6 components) (74)
M = Tid = akd (i =K) (12 components) (75)
Ti¢ = - 0k (i = k) (6 components) (76)
oo = - dd (3 components) (77)

The formula for d®x%/ds? in Eq. 68 can be expanded by setting w equal to 0, k, and by setting v
equal to 0, m, where k, m have the values 1, 2, 3. The 16 terms of the formula are
dx°ds® = - 2, T, T, ° (dx*/ds) (dx"/ds) (78)
- T o” (AX%/ds)? - =k = T i ° (dX¥/ds) (dx™/dis)
- Tio® (@x¥/ds) (dx%/ds) - =m T om° (dx°/ds) (dx™/ds)

Equation 71 shows that I" oo ° = 0, and so the first term of Eq. 78 is zero. In accordance with Eq.
70, the Christoffel symbol I «° is zero when neither k or m are zero unless k = m. Hence we can



set m equal to k in the second term, and this reduces to s single summation over the index k. The
last two terms of Eq. 78 are equal. Hence Eq. 78 reduces to

dX%ds? = T T C (dXds)? - 2y T o° (dX¥/ds) (dx’/ds)

- 23k T io® (dX¥/ds) (dx%/ds) (79)

Equation 72 shows that I" i ° = 0, and so the first term of Eq. 79 is zero, and the expression for
d*x°/ds? simplifies to the form that is shown. .By Eq. 74, T',0° = - 6,6, for p =k =1, 2, 3, and so
this becomes

d>%ds? = 2 (dx%ds) Ty dxd (dx*/ds) (80)
The formula for d®x '/ds? in Eq. 69 can be expanded as follows:

d*J1ds® = - T 0! (dX/ds)(dx/ds) - T jo’ (dx’/ds)(dxolds) T ;! (dx%/ds)(dx '/ds)
-F”‘(dx’/ds)(dx‘/ds) % k) T jic! (dx/ds) (dx “/ds)
- 3 ko) Tig? (Ax¥ds) (dx/ds) - 2 gy T’ (dx ¥/dis) (dx ¥/ds)  (81)

The three summations are performed over the index k, but they omit the case where k is equal to

J. This expansion has 10 terms. Equation 72 shows that terms 2 and 3 are zero, and Eq. 75 shows
that terms 5, 6 are equal. Hence, Eq. 81 simplifies to

d>xds? = - T oo’ (de/ds)(dxolds) F”’(dx‘/ds)(dx‘/ds) (82)
- 2 ST i (Ax7ds) (AX¥/dS) - Sigeay T ki (AX*/ds) (dx “/ds)

Apply Eq. 77 to term 1, Eq. 73 to term 2, Eq. 75 to term 3, and Eq. 76 to term 4. Equation 82
becomes

d’xIfds® = e* 8¢ (dx/ds)(dx"/ds) - 6;¢ (dx/ds)(dx//ds) (83)
- 2 Ty Ok (AX/ds)(dX¥/dS) - Sy 850 (AX*/ds)(dx /ds)

This simplifies to

d’xIds® = e* 9;0(dx/ds)’ a,q)(dxj/ds) 3j0 (ks (dx ¥/ds)?
-2 (dXJ/dS) Zk(k;q) Ok (dX /dS) (84)

Terms 2 and 3 can be combined into a single summation to give

d®ids? = €7 8¢ (dx"/ds)? - 8 jo i (dx /ds)®- 2 (dx'/ds) k) Ak (X /ds) (85)

In Egs. 80, 85, the variable x” can be replaced by < to give the following, where the indices j, k
have the values 1, 2, 3.

d*t/ds® = 2 (dt/ds) Ty Sk (dx*/ds) (86)



d>Jids? = e §;¢ (du/ds)® - 9j Sy (dx /ds)? - 2(dx Vds) Ty ko (dx/ds) (87)
6, Simplified Geodesic Equations Applicable to Solar System

The following discussion derives practical geodesic equations that can be used to
calculate the orbits of bodies in our solar system. Equations 85, 87 are general formulas that can
be applied to multi-body applications, such as the planetary orbits of our solar system. However,
great simplification can be achieved by considering a more convenient formula to characterize
the dt/ds derivative. Equation 61 gave the following formula for this derivative that applies to a
single star

dt/ds = e** = ™" (88

In our solar system, the maximum value of 2m/r is 4.2x10°®, and so Eq. 88 can be approximated
very accurately by

de/ds = ™ =~ 1+2m/r (89)

Since 2m/r can be no greater than 4.2x107, this derivative dt/ds is extremely close to unity
throughout our solar system. This shows that the minor changes in gravitational potential
produced by the gravitational fields of the planets can have only infinitesimal effect on the dt/ds
derivative. Consequently, for general solar system calculations the dt/ds derivative can be
accurately calculated from Eq. 88, which considers only the gravitational field of the sun

Applying Eq. 88 to the first term of Eq. 87 gives

d>Jids? = - 0 jo Zi (dx*/ds)? - 2(dx/ds) Ty Oxd(dx*/ds) (90)
Solving Eq. 88 for ds gives

ds = e?dr = e*cdt (91)

By applying this to Eq. 90, the derivatives in the equation can be expressed as follows in terms of
time:

d®)1dt? = e7* ¢? 5;0p - 8j0 i (AxM/dt)? - 2(dx/dt) usy Ak (dX /dit) (92)
The expression dx /dt is the derivative in the x direction, which is the velocity in the x
direction. The expression d*xJ/dt? is the second derivative in the x! direction, which is the

acceleration in the x! direction. Equation 92 yields the following formulas for the accelerations
Ay, Ay, A; inthe X, y, and z directions, where V, Vy, V; are the X, y, z velocities:

Ay = (0p/ox)(c’e ™ - V?) - 2(8¢/0y)VxVy - 2(84/62)VxV, (93)



Ay = (6oloy)(c’e™ - V?) - 2(0/oX)VyVy - 2(0pIdZ)VyV, (94)
A, = (0/0z)(c’e ™ - V) - 2(0pIOX)V Vx - 2(29/8y)V,Vy (95)
The variable V is the absolute value of velocity, given by
V2 = V2 + V2 + V2 (96)
7 Geodesic Equations for Yilmaz Single Star Model in Terms of Time

It is desirable to express the geodesic equations for the Yilmaz single-star model in terms of
normalized time instead of the variable s. Equation 61 gives the following:

de/ds = ™ {(61) }
From this one can express the derivatives along the geodesic trajectory of r and x; as follows:
dr/ds = (dr/dt)(dt/ds) = (dr/dt)e®™” 97)
dx/ds = (dx /dt)(dt/ds) = (dxi/dr)e”™” (98)
The second derivative of X; is

d*x/ds®> = (d/ds)(dx./ds) = (dt/ds)[(d/dt)(dx/ds)]

(de/ds)[(d/d)(dx./dr)e*™

(de/ds){ e2™"(d/d)(dx./dt) + (dx /d7)(d/d)e®™ }

e?™L 2™ (d?x /dt?) + (dxi/dr)e®™[-2(m/r?)(dr/dx)] }

™" [(d®x/d7?) - 2(m/r?)(dx/d7)(dr/dr) ] (99)

Similarly, the second derivative of r is
d’r/ds® = e*™" [(d?r/d<?) - 2(m/r?)(dr/dz)(dr/d7)] (100)
Equations 62, 63 gave the following geodesic equations:
d?r/ds® = (1/r)(m/r){ (dr/ds)? - 1} + (1/r)[1 - (m/r)} (dx/ds)>? {(62) }
d*>x/ds? = (U/r){ (2m/r) - 1 } (dr/ds)(dx./ds) {(63) }
Substitute Eqgs 97, 98 into the right hand sides of Egs. 62, 63. This gives
dr/ds® = (U/r)(m/r){ (dr/d7)®e™™ - 1} + (Ur)[1 - (m/r)} (dx/d7)® ™ (102)

d>/ds? = (Un){ (2m/r) - 1 } (dr/dt)(dx./dz) e*™" (102)



Substitute Eq. 100 into the left side of Eq. 101:

"™ [(dPr/d<®) - 2(m/r?)(dr/d7)?]
= (@WDMM{(dr/dr)?e*™ -1} + (U/r)[1 - (m/r)}(dx/de)?e*™  (103)

Multiply both sides for e*™", and solve for (d*r/d<?):

drid® = 2(m/r®)(dr/d7)? + (Ur)(m/){(dr/dT)? - €™} + (UN)[1 - (m/r)}(dx./dT)?
(104)
Substitute Eq. 99 into the left side of Eq. 102:

"™ [(d*x/d7?) - 2(m/rA)(dx/dr)(dr/dt)] = (L){ (2mir) - 1 }(dr/dt)(dx /dt) e*™"
(105)

-4m/r

Multiply both sides for e*™", and solve for (d*x/dt?):
d*/dt® = 2(m/r®)(dx/dr)(dr/dt) + (1/r){ (2m/r) - 1 }(dr/dt)(dx/dt) (106)

Equations 104, 106 simplify to the following:

r(d’r/de®) = 3(m/r)(dr/dz)? - (m/r)e™™ + [1 - (m/r)](dx/dx)? (107)
r(d*x/d<?) = {(4m/r) - 1 }(dr/dt)(dx/dx) (108)
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